MATH ACADEMY 2026 A-Level Preparation

Complex Numbers

Revision Problem Set

Sourced from all major JC Preliminary Examinations 2025

Q School Topic Marks Difficulty

Section A Solving equations with z*, |z| or simultaneous

1  RVHS/P1  Quadratic with complex coefficients; find /—7 — 24i 6 ®00

2 VJC/P1 Equation with |z| and z*; cube roots; equidistant circle 9 000

3 TJC/P1 Simultaneous with |w|; rotation to build a square on Argand 10 ee0

4 SAJC/P1  Simultaneous with |z|; conjugate pair geometry; deduce 8 00
Im(v) =0

5 MI/P2 Simultaneous with z*; cubic with real coefficients; root 2 + i 8 ®e0

Section B Polynomial roots (real & complex coefficients)

6 EJC/P1 Find v/2i; polynomial roots; substitution z — iv 10 000

7 TMJC/P1 Real-coefficient cubic; Argand; tan 3% proof 11 YY)

8 ACJC/P1  Quartic; modulus and argument; parallelogram; cosine rule 13 XY

9 HCI/P1 f(z) = 2*—622+k; symmetry; all roots; reciprocal substitution 12 eoe

10 JPJC/P2 Cubic; z3 = 21 + z9; prove z1/z9 = i; prove square 11 000

11 CJC/P2 Quartic root 3 + i; student claim; all roots; area 12 ee0

12 SAJC/P2  Polynomial px® + gz* + r; cubic with complex coefficient a 6 ee0

13 NYJC/P2  Purely imaginary coefficients; conjugate pair explanation; sub- 6 ®00
stitution

Section C Argand diagram geometry

14 RI/P1 Prove arg(kw) = arg(w); plot kw, ikw; iterated f(z) = 2% — 22 12 ooe

15 RVHS/P2  Isosceles right-angled triangle by rotation; parallelogram 5 ®00
ABDC

Section D Modulus-argument, loci, geometric properties

16 DHS/P1 Ellipse locus; arg(z1 + 22); quadratic with complex coefficients 11 eee

17 NYJC/P1  Rhombus on Argand; reflection of @ in ray OP; express ¢ 8 ee0

18 ASRJC/P2 Modulus-argument form; rhombus; tan 121—4” proof 10 000

19 VJC/P2 Unit circle z; w = iv/3 z; geometric; tan % proof 9 ee0

20 NJC/P2 w = —iv/3; Argand with w, —w, 2 — w; find arg(2 — w) 7 ®00

Difficulty: eoco Foundational eeo Standard eee Challenging
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I Section A - Solving equations with z*, |z| or simultaneous

Q1 [2025/RVHS/P1/Q3] [6 marks]
Do not use a calculator in answering this question.

Find the roots of the equation 22 — (1 4 2i)z + 1 + 7i = 0, giving your answers in the cartesian form
a + bi.

z=2—1 or z=-1+3i

Q2 [2025/VJIC/P1/Q7] [9 marks]
Do not use a calculator in answering this question.
4
(a) Find the complex number z which satisfies the equation 15|Z|* = Bi. [3]
—z

(b) The complex number w is such that (w —i)? = —i.

(i) Given that one possible value of w is 2i, find the two other possible values of w. Give your
answers in cartesian form a + bi. [4]

(ii) The points W7, W5 and W3 on the Argand diagram represent the three roots of the equation
(w—1)? = —i, and the point A represents the complex number ki, where k is a positive real
number. Show that the points Wy, W5 and W3 lie on a circle with centre A on the Argand
diagram for some value of k, stating the value of k. 2]

z=15-20; w==+B + 1i; k=1

Q3 [2025/TJC/P1/Qg) [10 marks]
Do not use a calculator in answering this question.

(a) The complex numbers z and w satisfy the following equations.
224w =2—-4 iz—w=2i
Find 2z and w, giving your answers in the form a + bi. [5]
(b) It is given that z; =2 —1i and 23 = —3 + 2i.
(i) On an Argand diagram, mark the points A and C representing z; and z3 respectively. [1]

(ii) The points B and D represent z and z4 respectively. Given that ABCD is a square labelled
in an anti-clockwise direction, find zy and zy. [4]

Z:—é—Qi,w:Q—gi; zo =1+ 3i,

Q4 [2025/SAJC/P1/Q10] [8 marks]
Do not use a calculator in answering this question.

(a) Find the complex numbers z and w which satisfy the following simultaneous equations.
|z| + 5w =0 iz—4dw=—-4+Ti

Give your answers in the form a + bi. [5]

(© 2026 Math Academy Pte Ltd. All rights reserved. - For personal use only. - Not for reproduction or distribution.
.9



MATH ACADEMY Complex Numbers

(b) The point A on the Argand diagram represents the complex number wu.
(i) On the Argand diagram, plot the point B to represent —u. 1]

(ii) The points C' and D represent v — u and (v — u)* respectively, where v is an unknown
complex number. It is given that ZCDA = 90°. State the value of Im(v) and justify your
answer. 2]

z2=T7+24i, w= -5 Im(v) =0
Q5 [2025/MI/P2/Q3] [8 marks]
Do not use a calculator in answering this question.
(a) The complex numbers z and w satisfy the simultaneous equations
z2422"+w=06+1 iz—w=3.
Find z and w, leaving your answers in the form a + bi. [4]

(b) The diagram shows the curve with equation y = f(z), where f(z) = 23 + ma? + nx + 5, and m
and n are real constants. The curve crosses the z-axis at the point P. One of the roots of the
equation f(x) = 0 is 2 4+ i. Determine the coordinates of P. [4]

z=4+3i, w=—-6+4i; P=(-1,0)

I Section B - Polynomial roots (real & complex coefficients)

Q6 [2025/EJC/P1/Q8] [10 marks]
Do not use a calculator in answering this question.
The complex number w is such that w? = 2i and 0 < arg(w) < g
(a) Find w. [3]
(b) Given that one of the roots of 2 — 22 + (1 —i)z + s = 0 is w, find the other roots and the value
of s. [5]
(c) Hence, find the roots of —iv® + v + (1 +i)v + s = 0. 2]

w = 1 + 1; other roots: 0,—1i; s =0

Q7 [2025/TMJC/P1/QY] [11 marks]
Do not use a calculator in answering this question.

It is given that —2 + 2i is a root of 23 + az? + bz — 161/2 = 0, where a and b are real.

(a) Find the values of @ and b and the other two roots. [5]

(b) In an Argand diagram with origin O, the three roots are represented by points A, B and C' where
A represents —2 4 2i and C represents the real root. Label these points on an Argand diagram,
indicating clearly the modulus and argument of each root. State also a geometrical relationship

between A and B. [3]
3
(¢) Hence, prove that tan g =1++2. (3]
a=4—2\/§, b=8—8\/§; roots:
—242i 22
Q8 [2025/ACJC/P1/Q10] [13 marks]

Do not use a calculator in answering this question.

(a) Onme of the roots of w* — 2w? + 10w? + pw + ¢ = 0, where p and q are real, is 2 + 3i. Find the
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values of p and ¢ and the other roots. [6]

(b) The complex numbers u and v are such that u = —v/2 +iv/2, and |v| = 3 and argv = 6, where
i ) .
0<b< 1 Points A, B and C represent u, v and u + v respectively.

(i) Find the modulus and argument of u. 2]
(ii) Sketch the points A, B and C on an Argand diagram. 2]
(iii) By finding ZOAC or otherwise, show that |u + v|> = a + bcos(§ + K), where a, b and K

are constants to be determined. [3]

p =6, ¢ =65; other roots:
2-3i,~1+2; a=13b= 12K =T
Q9 [2025/HCI/P1/Q12] [12 marks]
Do not use a graphing calculator for this question.

It is given that f(z) = z* — 622 + k, where k is a non-zero constant.

(a) If k is purely imaginary, determine with justification whether f(z) = 0 can have real roots.  [1]
(b) Show that f(—z) = f(2). [1]
(¢) Given that 2 41 is a root of f(z) = 0, determine k. Hence find the remaining roots. [6]
(d) Given the product of all roots of f(z) = 0is D, find D. 2]
(e) A complex number w; satisfies kw* — 6w? + 1 = 0. Given that w; can be obtained from 2 + i,

find wi. [2]

k = 25; roots: £2 £1i; D = 25; wy = % = %i

Q10 [2025/JPJC/P2/Q4] [11 marks]

Do not use a calculator in answering this question.

(a) One of the roots of 5w? + pw? 4 68w + ¢ = 0, where p and ¢ are real, is 3 —i. Find the other

roots and the values of p and q. [5]

(b) Two complex numbers are given by z; = —1 + 2i and 2z = 2 +i. Draw an Argand diagram
showing z; and z9 with z3 = 21 + 29 marked, showing the geometrical relationship. 2]

(i) Find 2 in the form i. 2]

22
(ii) Hence show that OZ>Z37; is a square. 2]
p = —33, ¢ = —30; other roots:
3+i,3; & =i
Q11 [2025/CIC/P2/Q4] [12 marks]

One of the roots of 224 — 1423 4 3322 — 262 + p = 0, where p is a constant, is 3 + i.

(a) Based on the above information only, a student claims the equation has root 3 —i. State with a

reason why this may not be true. 1]
(b) Show that p = 10. 2]
(c) (Do not use a calculator.) Find all roots of 2z* — 1423 4 3322 — 262 4+ 10 = 0 and mark them on
a labelled Argand diagram. [7]
(d) Identify the type of quadrilateral formed and determine its area. 2]

15

Roots: 3 +1, 3 + 3i; Trapezium, area= 13

Q12 [2025/SAJC/P2/Q2] [6 marks]
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(a) It is given that f(x) = pa® + gz* + r, where p, ¢, r are real constants.
(i) Show that if z = a is a root of f(z) = 0, then x = —« is also a root. [1]

(ii) Given that x = 5 and x = 8 are roots where Re() > 0 and Im(5) > 0, write down all
remaining roots. (3]

(b) The complex number z satisfies 23 + (3 — a)z% — (2 + 6i)z — 6 = 0, where a is complex and one
root is 1 +i. Find a and the other roots. [5]

Remaining: —5, -8, 8*, —8*; a = 2i; other
roots: —3, —1+1

Q13 [2025/NYJC/P2/Q2] [6 marks]

(a) It is given that the roots of —iz® + 5iz? 4 az + b = 0, where a and b are purely imaginary, are
2+1,2—1and 1. Explain why the complex roots occur in conjugate pairs. 2]

(b) By using (a) and an appropriate substitution, find the roots of iz? + 5iz? + a*z + b = 0, where
a* denotes the complex conjugate of a. [4]

Roots of new eqn: —2 —i, —2 41, —1

I Section C - Argand diagram geometry

Q14  [2025/RI/P1/Q8] [12 marks]
Do not use a calculator in answering this question.

(a) The point P on the Argand diagram represents w = u + iv, where u,v > 0.

(i) Explain algebraically why arg(kw) = arg(w) for any real constant k > 1. 1]

(ii) Points @ and R represent kw and ikw, where k£ > 1 is real. On an Argand diagram, plot

P, @ and R, showing clearly the geometrical relationship between them. 2]

(b) In another Argand diagram, points A, B and C represent z, f(z) and f(f(z)) where f(z) = 22 — 2z.
(i) Show that f(f(z)) — f(z) = z(z — 2)(z — 3)(z + 1). 2]

(i) ABC is a right-angled triangle (anticlockwise, right angle at B) with BC =m BA, m > 0

f(f(z)) — (=)

real. By considering (o) 2 or otherwise, show that (z — 2)(z + 1) = mi. 2]
(iii) In the case where z = = + 2i with # > 0, find = and m. Hence obtain the complex number
represented by B. [5]
r=3, m=10; B=—-1+48i
Q15 [2025/RVHS/P2/Q2] [5 marks]

Points A, B and C represent z4 = 5+ 6i, zg = 9+ 3i and z¢ respectively. ABC' is an isosceles triangle
labelled clockwise with ZC AB = 90°.

(a) Find z¢. [3]
(b) The point D representing zp is such that ABDC' is a parallelogram. Find zp. 2]

zo=2+42i; zp=6—1i

I Section D - Modulus-argument, loci, geometric properties

Q16 [2025/DIS/P1/Q8 [11 marks]
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Do not use a calculator in answering this question.

A complex number z varies with ¢ such that z = 2cost +i(3sint), where 0 < t < 27.

(a) By taking x = Re(z) and y = Im(z), sketch on an Argand diagram the curve showing the positions

of z. Find the cartesian equation of this curve. (3]

(b) Two complex numbers z; and 2o for two distinct values of ¢ satisfy |z1| = |z2| and 0 < arg(z;) < g

By referring to the Argand diagram in (a), find the possible values of arg(z; + 22). 2]

(c) It is given that z; and 29 are roots of 2% + az + 8 = 0. Explain whether o must be real. 2]
V26

(d) Given that « is not real and |z1| = |22 = 5 find o and S. [4]

— .og_ _13
a=—32i; B——%

Q17 [2025/NYJC/P1/Q6) [8 marks]
Points P, @ and R represent complex numbers p, ¢ and r with arg(p) = «, arg(q) = 3, where
0<a<fB/2,B8>2q andr=p+gq.

(a) If |p| = |q|, describe the shape of quadrilateral OPRQ. Hence find arg(r) in terms of o and .[3]

(b) The point @’ representing ¢ is the reflection of @ in OP. State the angle POQ'. 1]
By leaving answers in terms of a, 5 and |¢q| where applicable:

(i) Find arg(q’). 1]

(ii) Find the real and imaginary parts of ¢ and write ¢’ in a + bi form. 3]

Rhombus; arg(r) = %(Ot + B); arg(q’) =
200 — 3

Q18 [2025/ASRIC/P2/Q6] [10 marks]

2
The points P and Q are represented by p = v/2 + /21 and ¢ where arg(q) = %, lq] = 2.

(a) Find |p| and arg(p) in exact form. 2]
(b) Sketch P and @ on an Argand diagram. 2]
(c) Use the Argand diagram to deduce Re(gq) and Im(q) in exact form. 2]
(d) The point R represents p + gq. What is the shape of quadrilateral OPRQ? 1]
11
(e) By considering arg(p + q) or otherwise, show that tan 2—; =V6+V3+V2+2. 3]
Ip| = 2; arg(p) = §; Rhombus
Q19  [2025/VIC/P2/Q4] [9 marks]

Do not use a calculator in answering this question.

The complex number z has modulus 1 and argument 6, where g <6 <m, and w =ivV3 2. Point P

represents z.

(a) On an Argand diagram, plot @ and R representing w and z—w respectively. Show the geometrical

relationship between P, @ and R. (3]

(b) Find the area of quadrilateral ORPQ. 1]
. 3
Given 0 = 1

(c¢) Find z in the form z + yi. 2]

(d) Show that z — w = k[(v/3 — 1) + (v/3 + 1)i] for a constant k to be determined. [2

—
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(e) Hence show that tan % = :/gi_i 1]
Area = +/3; kz\%; z:—\/ii—i—\%i
Q20 [2025/NJC/P2/Q1] [7 marks]
Do not use a calculator in answering this question.
The complex number w is such that w = —iv/3.
(a) Find |w| and arg(w) in exact form. 2]
(b) Represent w, —w and 2 — w on the same Argand diagram, illustrating clearly the geometrical
relationship between them. (3]
(c) Hence, find arg(2 — w) exactly. 2]

lw| = 2; arg(w) = %’T; arg(2 —w) = — 75
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