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MATH ACADEMY 2026 A-Level Preparation

Complex Numbers
Worked Solutions

2025 JC Preliminary Examinations

20 questions - Sourced from all major JC Preliminary Examinations 2025

B Section A: Equations with z*, |z|, simultaneous Ml Section B: Polynomial roots

M Section C: Argand diagram geometry I Section D: Modulus-argument, loci

How to use these solutions

These worked solutions are intended for review after attempting the questions independently. Each solution
follows the official marking scheme logic verbatim. Examiner notes highlight the most common errors seen in
marking.

eoo Foundational eeo Standard eee Challenging

Q Source Topic / Subtopic Diff.
B Section A Solving equations with z*, |z| or simultaneous

1 RVHS 2025 P1  Quadratic with complex coefficients; find v/—7 — 24i 000
2 VJC 2025 P1 Equation with |z| and z*; cube roots; equidistant circle ee0
3 TJC 2025 P1 Simultaneous with |w|; rotation to build a square on Argand eeo
4 SAJC 2025 P1 Simultaneous with |z|; conjugate pair geometry; Im(v) =0 ee0
5 MI 2025 P2 Simultaneous with z*; cubic; real coefficients; root 2 + i ee0
H Section B Polynomial roots (real & complex coefficients)

6 EJC 2025 P1 Find v/2i; polynomial roots; substitution z — iv ee0
7 TMJC 2025 P1  Real-coefficient cubic; Argand; tan %’T proof cee
8 ACJC 2025 P1  Quartic; modulus and argument; parallelogram; cosine rule eee
9 HCI 2025 P1 f(z) = 2* — 622 + k; symmetry; all roots; reciprocal substitution ooe
10 JPJC 2025 P2 Cubic; z3 = 21 + 22; prove z1/z9 = i; prove square ee0
11 CJC 2025 P2 Quartic root 3 4 i; student claim; all roots; quadrilateral area ee0
12 SAJC 2025 P2  Polynomial pz8 + gz* + r; cubic with complex coefficient a ee0
13 NYJC 2025 P2  Purely imaginary coefficients; conjugate pair explanation; substitution 000
I Section C  Argand diagram geometry

14 RI 2025 P1 Prove arg(kw) = arg(w); iterated f(z) = 2% — 2z; right-angle triangle see
15 RVHS 2025 P2 Isosceles right-angled triangle by rotation; parallelogram ABDC e00
M Section D  Modulus-argument, loci, geometric properties

16 DHS 2025 P1 Ellipse locus; arg(z; + 22); quadratic with complex coefficients (X1
17 NYJC 2025 P1  Rhombus on Argand; reflection of Q in ray OP; express ¢ ee0
18 ASRJC 2025 P2 Modulus-argument form; rhombus; tan 121—4” proof eeo
19 VJC 2025 P2 Unit circle z; w = iv/3 z; geometric; tan % proof ee0
20 NJC 2025 P2 w = —iy/3; Argand with w, —w, 2 — w; find arg(2 — w) ®00
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Section A Equations with z*, |z| or Simultaneous Q1 -Q5

Q1 RVHS 2025 Paper 1 Q3

In the above equation, a =1, b=—-1—-2i,c=1+7Ti

—bE Vb2 —dac 142+ /(-1 -20)2-41)(1+7) 1+2i+/-7—24i
2a a 2 a 2

Z =

We find /=7 — 24i. Let /-7 —24i =z 4+ yi, x,y € R.
Comparing real and imaginary parts of (z + yi)? = —7 — 24i:

—12
-yt =7 (1) 2ay=-24 — x=— —(2)
y

Substitute (2) into (1):

—12?
() -
Y
vt =Tyt —144 =0
(y> = 16)(y* +9) =0

=16 = y =44 (y? = —9 rejected, y € R)

When y =4, = —3; when y = —4, x = 3. So V-7 — 24i = £(3 — 4i).

z:1+21+(3—41):2_i or _ 142 (3-4i)

5 z 5 =—1+3i

(© 2026 Math Academy 2 Not for distribution



Math Academy Complex Numbers - Worked Solutions 2026 A-Level Preparation

Q2 VJC 2025 Paper 1 Q7

(a) Let z =a+0bi, a,b € R.
4v/a? + b? = 5i[15 — (a — bi)] = —5b + (75 — ba)i
Comparing imaginary parts: a = 15. Comparing real parts: 41225 + b2 = —5b.

16(225 4 b?) = 256> = 9b* = 3600 —> b* = 400

b=—-20 (.- b<0 by equation (1))

z =15 — 201

(b)(i) Expanding (w —i)3 = —i:

w3 — 3iw? — 3w+ 2i =0 = (w — 2i)(w? —iw — 1)

Solving w? — iw — 1 = 0:

(b)(ii) Let A represent ki. Setting |[W7A| = |[WaA|:

() + (-0 =@k = k=1

Check: [WiA| = |2i —i| = 1, [Wad| = [¥3H _i| = 1, |W3A| = | =2 = 1. All equal 1.

W1, Wy, W3 lie on a circle of radius 1 centred at i, with &k = 1.
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Q3 TJC 2025 Paper 1 Q8 o [10 marks]

(a) From iz — w = 2i: w =iz — 2i. Let w = a + bi. After substitution and comparing real/imaginary
parts, a = 2 and solving gives:

9b% + 2006 — (9- & +200 - (—8))
b= -3 (rejecting b= 0 since \/4 + b2 # —2)

w=41/4+8 =1 — ~»= 5 3 —5—21
z——2—21, w:2—§i
(b) (i)
Im(z)
C(-3,2)

R

. o(2)

1 e A(2,-1)

(b)(ii) Since ABCD is anticlockwise with ZABC = 7, A is C rotated 90° anticlockwise about B:

(4+20)(1+1)
2

1(23—22)=Z1—22:(1—i)22=4+2i:2’2= =1+43i

z4:,23—1—(22—21)-(\/1&1@:58):—3+2i+(1+3i)—(2—i):—2—21
Im(z)

zo=1+3i, z=-2-2
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Q4 SAJC 2025 Paper1 Q10

(a) From |z| + 5w =0: w = —%|z| Substituting into iz — 4w = —4 4+ T7i, let z = z + yi:
(—y-l— %\/mQ-l—y?) +ai=—-44Ti

Comparing: = 7. Then —y+2/49 + y? = —4, giving 9y — 200y — 384 = 0, so (y —24)(9y +16) = 0.

y= —1976 rejected (fails sign check), hence y = 24.

1
e=T+24i, w=-:V625=-5

(b)(i) B is the reflection of A through the origin (represents —u).

B(—u)

\ Re

A(u)

(b)(ii) C and D are a conjugate pair so CD is vertical. With ZCDA = 90° and CD vertical, DA
must be horizontal. Since A and B are symmetric about the real axis, BC' is also horizontal. Since C
represents v — u, vector B? represents v. As BC' is horizontal, v is real.

Im(v) =0

(© 2026 Math Academy 5 Not for distribution



Math Academy Complex Numbers - Worked Solutions 2026 A-Level Preparation

Q5  MI 2025 Paper 2 Q3

(a) From iz — w = 3: w = iz — 3. Substituting into z + 2z* + w =6 + i
(I4+i)z+22"=9+1

Let z=a+bi: (3a—0b)+ (a—>b)i=9+1, givinga=4,b=3.

z=4+43i, w=i(4d+3i)—3=—6+4i

(b) All coefficients of f(x) are real and 2 +1 is a root, so 2 —1i is also a root.
2 —2+)]z—2—1)]=2>—4z+5

f(z) = (x +c)(2* — 4z +5) = 5c=5 = c=1

x=—-lorx=2%+i, soP=(-1,0).
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Section B Polynomial Roots Q6-Q13

Q6 EJC 2025 Paper1 Q8 o [10 marks]

(a) Let w = a + bi. Then a? — b? = 0 and 2ab = 2, giving a = 1/b and 1 — b* =0, so b = 1.

b= —1, a = —1 rejected since 0 < arg(w) < 7/2.

w=1+1

(b) Write 2% — 22 + (1 —i)z + s = [z — (1 +1)](22 + Bz + C).

Comparing coeflicients:
2 —-1=-1-i+B = B=i

z: 1-i=—-(14i)i+C=1-i+C = C=0
constant: s=—(14+1)(0)=0

22 4+iz=2(z+1) =0

Other roots: z=0and z=—1; s=0

(c) Replace z with iv: —iv3 +v? + (1 +i)v +s=0. So v = —iz:

v=—i(l+1)=1-1i, v=0, v=—i(=i)=-1
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Q7 TMJC 2025 Paper 1 Q9

[11 marks]

(a) Since coefficients are real and —2 + 2i is a root, —2 — 2i is also a root.

[z — (=24 20)][z — (=2 — 20)] = 2° + 42+ 8
2B az? 4 bz —16V2 = (2% + 42+ 8)(2 — 2V2)
Comparing: a =4 —2v/2, b =8 — 8V/2.

a=4-2v2, b=8-8y2; roots: —2+2i, 2¢/2

(b) |21 = |22| = 2v2, arg(z1) = . arg(z2) = —°F, |23] = 2v/2, arg(z3) = 0.

Im
A(Zl)
.\
2V2.
\é\/j‘w\/ﬁ
S . Re
/;/\_377 C(Zg)
2\//2 ‘
o
B(z2)

B is the reflection of A about the real axis.

3
arg(zp) =

(c) Since OA = OC = 2v/2, let D be such that OADC is a thombus. Then OD bisects ZAOC, so

2p =21 +23=(2V2—2) +2i
3 Im(zp) 2 1 V241
tan — = =

8  Re(zp) 2v2-2 \/5—1'\/§+1:1+\/5 -
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Q8 ACJC 2025 Paper 1 Q10 [13 marks]

(a) Since 2 — 3i is also a root (real coefficients):

(w? — 4w+ 13)(w? + aw + b) = w* — 2w + 10w* 4 pw + ¢

Comparing w?: a = 2. Comparing w?: b = 5.

p=—4(5)+13(2) =6 ¢=13x5=65

Remaining roots from w? 4+ 2w +5=0: w = —1 £ 2i.

p =06, g =065, other roots: 2 — 3i, —1 4+ 2i, —1 — 2i

(b) (i)
]u|zﬁz2 arg(u) =7 —

ul =2, argu) = o

(b)(ii) Sketch (Jv| =3, 0 < 0 < w/4):

Im
C(u+v)
Al B()
. 37 o7
\ﬁ' P
- N Re
O

(b)(iii) ZAOB = 3T — 0,50 ZOAC =7 — (3 —0) =0+ Z.
By cosine rule on AOAC (OA =2, AC = |v| = 3):

lu+v|* =449 —12cos(6 + §) =13 — 12cos(f + F)

a:13,b:—12,K:%
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Q9 HCI 2025 Paper 1 Q12 [12 marks]

(a) If f(z) = 0 has real root z, then 2* — 622 = —k (real = purely imaginary): contradiction.

f(z) = 0 cannot have real roots.

(b) f(—=2) = (—2)* —6(—2)2 + k= 2% — 622 + k = {(2). (Shown)
(c)

(2+1)2=3+4
(2+i)t = (3+4i)2=—7+24i

—T+24i—6(3+4i)+k=0 = k=25

Since coefficients are real, 2 — 1 is also a root. Since f(—z) = f(z), negatives are also roots.

k=25 allroots: 2+4+1i,2—1, —2+1, —2—1i

(d)
D=(2+i)2—i)(—2+1)(-2—1) =5 x5 = 25

D =25

e) kw* — 6w? +1 = 0 is obtained from 2z* — 622 + k=0 viaw = 1, so w; = 51-.
z 2+i
2—1 2—1

T erne-1) 5

w == — i
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Q10 JPJC 2025 Paper 2 Q4 o [11 marks]

(a) Real coefficients, so 3 +1i is also a root. (w? — 6w + 10)(5w + a) = 5w + pw? + 68w + q.
Coefficient of w: —6a + 50 = 68 — a = —3. Then p = —33, ¢ = —30.

3
Other roots: 3 +1, —

. p=-33,¢g=-30
5P ' q

(b) Argand diagram with z; = —142i, 20 =241, 23 = 21 + 20 = 1 + 3i:

I
r Z3(1,3)
Zl(_172)
Z2(27 ]-)
0 > Re
(b)(i)
2 (—1+2i)(2—-1) _@_1
29 5 5
Z1
— =1
22

(b)(ii) 21 = izg: rotating Zs by 7 anticlockwise about O gives Z.

(1) L2102y =90°.  (2)0Zy =02y =+5. (3) 0Z3 = OZ;—i—OZ;, so 0747375 is a parallelogram.
From (1)4(2)+(3): OZ2Z5Z; is a square. (Shown)
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Q11 CJC 2025 Paper 2 Q4 o [12 marks]

(a) The student’s claim may not be true as p may not be real (conjugate root theorem requires real
coefficients).

(b) Substituting z = 3 +i: (3+1i)? =8 +6i, (3 4+1) = 18 4 26i, (3 +1)* = 28 + 96i.

2(28 + 96i) — 14(18 + 26i) + 33(8 + 6i) —26(3 +i) +p=—-10+p=0 = p=10. O

(c) Coefficients now real, so 3 —1i is also a root.
22 — 1423 + 3322 — 262 4 10 = (22 — 62 +10)(22% — 22 + 1)
2:°—2:41=0 = z=1+1i

Im

(3,1)

~—~
N[ —
=

% )
Gl
{E
[

=
@

1 1
Roots: 3 £1, - £ —i
oots b5

(d) The quadrilateral is a trapezium (one pair of parallel sides, both vertical at Re(z) = 3 and
Re(z) = 3).
15
Area = (142) x 2.5 = vy units?

15
Trapezium; Area = R units?
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Q12 SAJC 2025 Paper 2 Q2

(a)(i) Since f(a) = pa® + ga* +r = 0:

f(—a)=p(—a)® +q(—a)' +r=pa® +qa* +r=0 = z=—aisaroot. O

(a)(ii) From (i), x = —5 and = —f are also roots. Since f has real coefficients, x = §* and z = —3*
are also roots.

Remaining roots: —5, —3, B*, —3*

(b) Write 23 + (3 —a)22 — (2+6i)z — 6= (2 — 1 —1)(2> + Bz + O).
Constant: —6 = C(—-1—1) = C =3 - 3L

Coefficient of z: (1+1)B=5+31 = B =

(5+30)(1-0) _, .
2

Coefficient of 2%: a =4 — (4 —1i) +i = 2i.

(z—1-D)(Z+(A—-i)z+3-31)=(2—1-1)(2+3)(z+1-1)=0

a = 2i; other roots: —3, —1 +1i
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Q13 NYJC 2025 Paper 2 Q2

(a) Let a = \i, b= pi, A\, u € R. Dividing through by —i:
=5’ Xz —p=0

All coefficients are real, so complex roots occur in conjugate pairs. (Shown)

(b) Substituting 2 — —z into the equation from (a) recovers the form iz3 + 5iz? + a*x + b = 0 (using
a* = —a).

So roots are —z for x € {2+1, 2 —1, 1}:

r=-2-1, -2+i, -1
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Section C  Argand Diagram Geometry Q14,Q15

Q14 RI2025 Paper 1 Q8 [12 marks]

(a)(i) Since w = u + iv with u,v > 0: kw = ku + kvi with ku, kv > 0.

kv
122 — tan!

arg(kw) = tan™ T

[
g O
- = arg(w)

(a)(ii) OR L OQ (rotation by 90° anticlockwise), |OR| = |0Q| = k|OP| > |OP].

Im
R(ikw)
\\\ _® kw
| e
- /O/ Re

(b) (i)
f(f(2)) — f(2) = (2% — 22)% — 2(2% — 22) — (2% — 22)
= (22 —22)(2* — 22— 3)
=2(2-2)(2=-3)(z+1) O

—
(b)(ii) Rotating BC anticlockwise by § about B gives mBA:

f(f(z)) —f(z)  2(z—-2)(z—3)(z+1) _ V(s i
(2)—2z z(z — 3) = ( 2)(z+1) =

(b) (iii) With z = z + 2i:
(2% — 2z —6) +i(4r —2) = mi

Real part: 22 —2 —6=0 = (- 3)(z+2)=0 = z = 3 (since = > 0).
Imaginary part: m = 4(3) — 2 = 10.

B=f(3+2)=(3+2)%-23+2)=9+12i—4—6—4i=—1+8i

x =3, m=10; B represents —1 + 8i
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Q15 RVHS 2025 Paper 2 Q2

(a) AC is AB rotated 90° clockwise about A:
20— 24 =—i(2p —24) = 2c=(b+61) —i(4—31) =2+2i

Im

A(5 + 61)

B(9 + 3i)
C(R + 2i)

Re

(b)

Method 1 midpoint  Midpoint of AD = midpoint of BC: zp = zp + z¢ — 24 = (9+ 3i) + (2 +
%) — (5+6i) = 6 — i

Method 2 vector ﬁzﬁ: zp=zp+z0—24=6-—1

zc=242i; zp=6-—1i
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Section D  Modulus-Argument & Loci Q16-Q20

Q16 DHS 2025 Paper 1 Q8

[11 marks]
(a) cost =x/2, sint = y/3, so % + % =1 (ellipse, semi-axes 2 and 3).
Im
Re
(b) From the diagram, three possible positions for zo:
® 2 in Ist quadrant symmetric about Im-axis: arg(z1 + 2z2) = §
® 25 = —2z1: 21 + 22 = 0, arg undefined
e 25 in 4th quadrant symmetric about Re-axis: arg(z; + 2z2) =0
s
arg(z1 + 22) € {0, 7 undeﬁned}
(c) a = —(z1 + 2z2). If 25 is at position 1, a is not real. Hence it is not necessary for a to be real.

(d) Since a not real, z = (—a,b) where 21 = (a,b). Using a® + b? = 2 and the ellipse equation:

2 2
“Z+§:1 with a?=2 —p> —= p? =9, o®=2
a=-gi=-2/§i--3VE  f--(@+1)=-¥

13
a=-3v2i; B= 3
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Q17 NYJC 2025 Paper 1 Q6

(a) If [p| = |q|, OPRQ forms a rhombus (two equal-length sides from O). The diagonal OR bisects
ZPOQ:

arg(r) = 5(@+ )

(b) @' is the reflection of @ in line OP, so ZPOQ' = ZPOQ = — a.
(b) (i)

arg(¢) =a—-(B—a)=2a-7

(b)(ii) |¢'| = |g|. With arg(q') = 2a — §:

q¢ = lq| cos(2a — ) + i|g| sin(2a — )

Common error / Examiner note: 5 > 2a means 2o — 3 < 0. The argument of ¢’ is negative (below real
azis). Do not write arg(q') = B — 2a with the sign reversed the vector has been reflected below the real axis.
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Q18 ASRJC 2025 Paper 2 Q6 [10 marks]

Ip| =2, arg(p) =

N

(b) Argand diagram (|¢| = 2, arg(q) = 2?#)

q=2(cos%’r+isin%’r) =—1+3i

(d) Since |p| = |¢| =2, OPRQ is a rhombus.
442 11
(e) By the rhombus property, arg(p + ¢) = w = 2—2
Also p+q= (V2 —1) + (V2 +V3)i, so:
1w V2+v3  (V2+V3)(V2+1)
tan — = = =V6+vV3+v2+2 O
24 V2-1 (V2)2 —12
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Q19 VIJC 2025 Paper 2 Q4

(a) w=1iV3z: |w| =V3|z| = V3, arg(w) = 0 + Z.
0Q L OP, |0Q| = v/3|OP|. ORPQ is a parallelogram (rectangle).

Im

ORPQ is a rectangle; Area of ORPQ =1x+/3=1+/3

(c) z:cos%+isin%:
1 1 .
Z——E-i-ﬁl
(d)
z—w=2z(1-iV/3) = (—\%—i—\%i) (1 —+3i)
= (=1 +1)(1 = V3i) = 5[(V3 1) + (V3 + D)
1
T

(e) Since z — w lies in the 1st quadrant and arg(z — w) = 3¢ — Z = 57

T
tan — =

12 S5(V3-1) V3-1

#VB+1) B4
1
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Q20 NJC 2025 Paper 2 Q1

(i) w = =3 +1, so:

1
lw|=v3+1=2 arg(w)zﬂ‘—tan_l—gzﬂ'—%z%r
W] =2, arg(w) = 2=
6
(ii)
Im
W(w)& _____ I
SO
]
: D\\ Re
2\\\*& ——————— .
A(—w) B(2 —w)

W, O and A are collinear (through origin). AB is parallel to the real axis. Triangle OAB is isosceles
with |OA| = |OW] = 2.

(iii) Let LZAOB = ZABO = 60 (base angles of isosceles triangle).

T oM T T s

20 —— =1 = 20=— =0 = 20=—- = 0=—

+<7T 6> i 6 6 6 12
m
arg(2—w):—ﬁ
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