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Q School Topic Marks Difficulty
Section A — Quadratic equations

1 RVHS P1  Complex quadratic 6 Y
Section B — Roots of polynomials (degree 3 & 4)

2 RVHS P1  Real polynomial, complex root 4 ee0
3 NYJC P2 Polynomials (complex coeff.) 6 ee0
4 SAJCP2  Polynomials (complex coeff.) 9 ee0
5 JPJC P2 Real cubic + Argand 11 000
6 VJCP1 Complex equations & cube roots 9 Y
7 EJCP1 Roots of cubic equation 10 Y
8 TMJC P1 Real cubic; find roots 11 Y
9 CJCP2 Complex quartic reasoning 12 Y
10 HCIP1 Complex polynomial 12 Y
11 ACJCP1  Real quartic + Argand 13 eee
Section C — Simultaneous equations

12 NJC P1 Simultaneous equations 6 ee0
13 SAJC P1 Simultaneous equations 8 oo
14 TJC P1 Simultaneous equations 10 ee0
Section D — Argand diagram, modulus-argument & loci

15 RVHS P2  Triangle geometry 5 ee0
16 NJC P2 Modulus-argument form 7 ee0
17 VJC P2 Modulus-argument form 9 ee0
18 NYJC P1  Argand geometry 8 Y
19 ASRJC P2 Modulus-argument & Argand 10 Yy
20 DHS P1 Complex locus 11 Y
21 RIP1 Complex analysis 12 ooe
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Section A: Quadratic equations !

Q1 RVHSP1Q3 [6 marks]

Find the roots of 22 — (1 +2i)z + 1+ 7i = 0.
Herea=1,b=—(1+2i),c=1+Ti

(1+2i) £ /(-1 —2i)2 —4(1)(1 + 7i)
2(1)
1+2i++4i—3—4—28i
2

14+2i++/—7—24i
2

Find /=7 — 24i. Let /=7 — 24i = x + iy, =,y € R.
Then —7 — 24i = (z + iy)? = (2% — 3?) + (22y)i.

Comparing real and imaginary parts:

—12
22—yt =—7 -..(1) 233y:—24:>33:7 - (2)
Substitute (2) into (1):
—-12\? 144

y' =T 14 =0 = (4~ 16)(y* +9) =0
> =16 or y*= -9 (reject, y € R) = y =44
When y =4: x = —-3. Wheny=—4: x =3.
So the square roots of —7 — 24i are 3 — 4i and —3 + 4i.

Hence,
B 1+ 2i+(3—4i)
= 2
14+214+3—-4i 14+2i—3+4i
z:—2 or z:—2

(© 2026 Math Academy 3 Not for distribution
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Section B: Roots of polynomials Qz-Qu
(degree 3 & 4)

Q2 RVHSP1Q1l e [4 marks]

Method 1 — Using factor theorem and system of equations
Since —1 is a root, f(—1) = 0:

(=12 +b(-1)?+¢(-1)+d=0 = —a+b—c+d=0 = b—c+d—a=0 ---(1)

Since 4 + 1 is a root, f(4 +1i) = 0:
a(d+1)2 +b(A+1)? +e(d+i)+d=0
a(52 + 471) + b(15 + 8i) + c(4 +1) + d = 0
Comparing real parts: 52a + 15b+4c+d =0 ---(2)
Comparing imaginary parts: 47a +8b+c¢=0 ---(3)
Solving (1), (2) and (3) using the GC:
Method 2 — Conjugate root theorem
Since all coefficients of f(z) are real, 4 +1i and 4 — i are conjugate roots of f(z) = 0.

f(z) =alz— (4+1)][z -4 —1)][z+1]
:a[w2—8x+17][x+1]
:a[azg 722 +9:v—|—17}
= ax® — Taz® + 9az + 17a

(© 2026 Math Academy 4 Not for distribution
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Q3 NYJCP2Q2 o [6 marks]

(a)
Replacing a = Al and b = ui where A\, u € R:

iz 45 F Mz 4 pi=0 = 23— 522 — Az —p=0.

Since the coeflicients of this equation are all real, the complex roots occur in conjugate pairs.
(b)
The equation iz? + 5iz? + a*x + b = 0.
Since a is purely imaginary, a* = —a. Using the substitution x — —z:
—i(—z)3 + 5i(—x)* 4+ a(—z) + b= 0.
This is exactly the equation in (a), which has roots z =2 +1, 2 —1i, 1.
So the substitution gives —x =2 +1i, 2 —1i, 1, yielding:

Not for distribution

ot
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Q4 SAJCP2Q2 e [9 marks]

(a)(i) Since x = « is a root, f(a) = 0:
pab+qat +r=0

f(—a) = p(—a)® + g(—a)* +r =pa® + ga* +r =0

(a)(ii) = = 5 and x = 3 are roots. By part (i), x = —5 and x = —f are also roots. Since the
coefficients of f are all real, x = 8* and x = —* are also roots.
(b)

Method 1

Since 1 +1 is a root:

BHB-a)—2+60)z2—6=(2—1-1)(2*+Bz+0)

Comparing constant terms:

—6 6 6(1 —1i
- = - = ( 1):3_3i
—-1-—-1 1+1 2

—6=(-1-1)C = C=

Comparing z coefficients:
—(2+6i)=B(-1-i)+C=B(-1—-1)+ (3—3i)

B(-1—1i)=—(2+46i) — (3 —3i) = —5 — 3i
p_ b3 (G+3)(1-i) 5-5+3i+3 8-2
I N e [ 2 2

Comparing 22 coefficients:

3—-a=-1-i+B=-1-i44-1=3-2i = a=2i

So:
B (B3-20)22 - (246)z2—-6=(2—-1-1)(22+(4—1)z2+3-31)=0

Solving 2% + (4 —i)z + 3 — 3i = 0:

(z43)(#+1—-i)=0 = z2=-3 or z=-1+41i

OR using the quadratic formula:

LoD VAP AB -3 —(-)EVIE-Si-12 4120 (D)3

2 2 - 2

—44+1+ (241
V3+4i=241 — z= +12( +1) — z=-3 or z=-1+41

(© 2026 Math Academy 6 Not for distribution
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Q5 JPICP2Q4 o [11 marks]

(a) Method 1  Since the polynomial has real coefficients, if 3 — 1 is a root then so is 3 +i.

[w =8 =D]fw =B +1)] = [(w=3) +{[(w—3) =
= (w—3)* -1

= w? — 6w + 10.
Write 5w? + pw? + 68w + ¢ = (w? — 6w + 10)(5w + a). Expanding:
(w? — 6w + 10)(5w + a) = 5w® + aw?* — 30w? — 6aw + 50w + 10a.

Comparing coeflicients:

w?: a—30= P (1)
w: —6a+ 50 =068 (2)
const : 10a = ¢ (3)

From (2): a = —3. From (1): p=—-3—-30=—-33. From (3): ¢ = —30.
So 5w? — 33w? 4 68w — 30 = (w? — 6w + 10)(5w — 3) = 0.

3
The other roots are 3 +1i and 5
Method 2 (substitute the root) With w = 3 — i, w? = 8 — 6i, w® = 18 — 26i. Substituting into
5w? + pw? + 68w + g = 0:
5(18 — 26i) 4+ p(8 — 61) + 68(3 —1i) + ¢ = 0,

i.e. 90 — 130i + 8p — 6pi + 204 — 68i + ¢ = 0.

Comparing real and imaginary parts:

Im: —130—6p—68=0 = p=—33,
Re: 90+8(—33)+204+q¢=0 = ¢=—30.

Then factorising as in Method 1 gives the other roots 3 +1i and %

(© 2026 Math Academy 7 Not for distribution
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Q6 VICP1Q7

(a)
Let z = a + bi, where a,b € R.
4|z| )
o
4a?+b? 5
15— (a —bi)

4y/a? + b2 = 751 — 5ai — 5b = —5b + (75 — 5a)i

Comparing real and imaginary parts:

4va? + b?> = —5b -———(1)
—5a=0 = a=15 -——(2)

Substituting (2) into (1):
44/152 + b2 = —5b
4% (15° 4 b%) = 2507
9% = 3600
b? = 400
b=-20 (b < 0 by eqn. (1))

Sz =15 -201

(b) (i)

(w—i) = —i
w3 + 3w?(—1) + 3w(—i)? + (-1)> +i=0
w? — 3iw? — 3w +2i=0

Since 21i is a root,

w? — 3iw? — 3w + 2i = (w — 2i)(Aw? + Bw + O)

By comparing coefficients, A =1, C' = —1.

~1+3

2i

wr—iw—1=0

1 or

(© 2026 Math Academy 8
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[9 marks]

Not for distribution



Math Academy Complex Numbers - Worked Solutions 2026 A-Level Preparation

(b) (ii)
V3 1. V3

1
Let Wy, Wa, W3 and A represent 2i, — + =i, ——— + =i and ki respectively.

2 2 2 2
V3+i .
5 — ki

(‘f)l @ —k:>2 =(2-k)?

S kR 4k R

For W1 A =W5A, ie. = |21 — ki,

4
k=1
So,WehaveW1A:\2i—i]:1andW2A:'\/g;—l—i‘:l.
Check that W3A =1 too:
2
—V3+i | |-V3-i —V3 ~1\?2
—] = = _— —|— —_— :1
2 2 2 2

Since the distances are all equal to 1, Wy, W5 and W3 lie on a circle with radius 1, centred at A

representing the complex number i.

(© 2026 Math Academy 9
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Q7 EJCP1Q8

(a+bi)* = 2i

a? — b% + 2abi = 2i
a>—*=0 — (1)
2ab=2 — (2)

1-b'=0
(14 83)(1—12) =0
b =1 (. bis real)

Sob=1,a=1o0rb=—1,a=—1 (reject since 0 < arg(w) < g)

w=1+1

Write:
P2 (1—i)z+s=[z—(1+1)](*+Bz+C)

Expanding and comparing coefficients:

22 —1=—(1+i)+B
2 l-i=-(14)B+C=—-(1+i)i+C=1-i+C
const: s=—(1+1)C=0

So 22 +iz = 0, giving 2(z +1i) = 0.

Other roots: z=0and 2z = —-i. s=0.

Replace z with iv: (iv)? — (iv)? + (1 —i)(iv) + s =0

—iv? i (1 +i)v+s=0

Hence, z =iv = v = —iz

(© 2026 Math Academy 10

2026 A-Level Preparation

[10 marks]

— B=i
— C=0
= s=20

Not for distribution
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TMJC P1 Q9

Q8

2026 A-Level Preparation

[11 marks]

(a) Since the equation has real coefficients, —2+2i being a root implies —2 — 2i is also a root. Consider

[z — (=24 20)][z — (=2 — 20)] = [(2 + 2) — 2][(z + 2) + 2i]
= (z42)* - (20)?
=22 4424444
=224+ 42 +8.

Writing the cubic as (22 + 4z + 8)(pz + q):

e Coefficient of z3: p = 1.

e Constant: 8g = —16vV2 = q= —24/2.

So 2%+ az? + bz — 16V/2 = (22 + 42 + 8)(z — 2V/2).
e Coefficient of 22: a = —2/2+4 =4 — 21/2.

e Coefficient of 2: b = —8v/2 + 8 = 8 — 8V/2.

Therefore a = 4 — 2\/5, b=8— 8\/5, and the other two roots are —2 — 2i and 2v/2.

(b) Let z; = —2 + 2i (2nd quadrant):

21 = V(=22 + 22 = 2V2,

B “1/2\ T 3T
arg(z1) =7 —tan ' (3) =7 — 1= 1
Let z9 = —2 — 2i (3rd quadrant):
|ZQ, = 2\/57
3
arg(zp) = —m +tan~ ' (3) = -7 + T=-T
4 4
Let 23 = 2v/2: |23] = 21/2 and arg(z3) = 0.
Im
A=-2+4+2i
‘\
2§/§\ 3
\\\(‘
AN 22 C =22
~ B Re
23
‘/
B=-2-12i

(© 2026 Math Academy 11
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Geometrical relationship: B is the reflection of A in the real axis (equivalently, B is the 90°
anti-clockwise rotation of A about O, since iA =i(—2+ 2i) = —2 — 2i = B).

(c) Since OA = OC = 2v/2, consider the point D such that OADC is a rhombus. Then OD bisects
ZAOC.

Im

Thus ZDOC = 1 .28 = 37,

Let D = z4 where
zg = (=2 +2i) +2v2 = (=2 +2V2) + 2i.

Since z4 lies in the 1st quadrant, arg(z4) = 3
ta 3m 2
n———————,
8  —242V2

1 X—1—\/§
—1+v2 —-1-V2
__Cl-V2
(12— (V2)?
_1_\/5
1-2
=1++v2 (shown).

(© 2026 Math Academy 12 Not for distribution
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Q9 CICP2Q4 [12 marks]

(a) The student’s claim may not be true as p may not be real.

(b) Substituting z = 3 +i:

224 — 1423 43322 — 262 +p=0
23+ 1)1 — 143413 +33(3+1)2-26(3+i) +p=0
2(8 4 61)(8 + 6i) — 14(3 4 1)(8 + 61) + 33(8 + 6i) — 78 — 261 +p = 0
2(28 + 96i) — 14(18 + 261) + 264 4 198 — 78 — 26i +p = 0
56 + 192i — 252 — 364i 4+ 264 + 198i — 78 — 26i +p =0
—104+p=0

p=10

(c) Since all coefficients are real and 3 +1 is a root, 3 — i is also a root.
2= B+)][z—B—i)]=(2-32+1=22—-62+10

Dividing 22% — 1423 + 3322 — 262 4 10 by 2% — 6z + 10:

22 — 1423 + 3322 — 2624 10 = (22 — 62 + 10)(222 — 22 + 1)

Solving 222 — 2z + 1 = 0:
2+v4-8 2+v—-4 2£21 1 1
z = = = =

=—+-i
4 4 4 2 2
. : <011 1 _ 1:
The four roots are: 3 +1, 3 —i, 5 + 351, 5 — 3.
Im
2.5 units
) 341
%+%1
0.5 T

} } Re
@ 1 2 _
—0.5 1 . 1 unit

(d) The quadrilateral is a trapezium.

The two pairs of opposite sides: the vertical side joining 3 +1i and 3 — i has length 2; the vertical side

joining %—i— %i and %— %i has length 1. Both are vertical (parallel). The horizontal width is 3 —% = 2.5.

Area = (14 2)(2.5) = 3.75 units® (= 12 units?)

(© 2026 Math Academy 13 Not for distribution
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Q10 HCIP1 Q12 [12 marks]

(a) Assume (for contradiction) that f(z) = 0 has a real root # € R. Then z* — 622 + k = 0, i.e.
k = —x* + 622, The right-hand side is real, but k is purely imaginary (and non-zero), so k ¢ R
contradiction. Hence f(z) = 0 cannot have real roots when k is purely imaginary.

(b) Direct substitution:

=2'—62"+k
=f(z). (Shown)

(c)
(2+i)2 =22 +2(2)(i) +i* =3 +4i
2+t =[2+1)?%
= (3 +4i)?
= 32 4 2(3)(4i) + (41)2
= -7+ 24

2+i)*-62+i)2+k=0
7+ 24i — 6(3+4i) + k=0
k=25

Since all coefficients of f(z) = 0 are real and 2 +1i is a root, then 2 — i is also a root.
Since f(—z) = f(z), then —z is also a root of f(z) = 0.
The remaining roots are 2 —i, —2 —i and —2 +1.

(d)
Method 1
2+)2-i)=2+i =5
(=2 +1)(— 271)—|72+1|2
D =5(5) =25
Method 2
(2+i)(2—i)=22-i*=5
(—2+i)(-2—1)=(-2)%—-i®=5
.D =5(5) =25

E 6
(e)z4—622+k:0,soz—4—?+120.

(© 2026 Math Academy 14 Not for distribution
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N |

1
Replace — with w, i.e. w =
z

Alternative

25wt — 6w? +1 =10
252wt — 6(25)w? 4+ 25 = 0
(5w)* — 6(5w)* +25=0

bw =2 +1
2 . 1.
w= -+ =i
5 5
15 Not for distribution
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Q11 ACJC P1QI0 [13 marks)]

()

Since the coefficients are all real, complex roots occur in conjugate pairs. Therefore 2 — 3i is also a
root.

wt — 203 4+ 1002 + pw + q = (w—(2+3i))(w—(2—31))(w2+aw—l—b):(w2—4w—|—13)(w2—|—aw+b)

Comparing coefficients:

—2=—44a = a=2
Wwr: 10=-4a+13+b=5+b = b=5

So w — 2w? + 10w? + pw + ¢ = (w? — 4w + 13)(w? + 2w + 5).

w': p=-20+26=6
Wi og=13x5=65

The other two roots from w? + 2w + 5 = 0:

—2+4-20 —2+./-16
a 2

5 =—-1=£2i

w =

p=06, q=065; otherroots: 2 —3i, —142i, —1-—2i.

(b(i))
Ju| = \/(—\/§)2+(\/§)2 =V2+2=2
Basic angle = tan_lg = g . u is in the 2nd quadrant, so argu = m — % = ?j% .
(b(ii))

37
A is at distance 2 from the origin at argument T (second quadrant). B is at distance 3 from the

origin at argument 6 (first quadrant, 0 < 6 < %) C represents u + v, forming a parallelogram OACB.

Im(z)

(© 2026 Math Academy 16 Not for distribution
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(b(ii))

AAOB:?%—G, LOAC:W—AAOBZW—%+0:0+%.

Applying the cosine rule on AOAC (OA = |u] =2, AC = |[v| =3, OC = |u+v|):

lu+0f? = 2% + 32 — 2(2)(3) cos(e + %)

— 13— 12<:os<9+ g)

(© 2026 Math Academy 17 Not for distribution
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Section C: Simultaneous equations Q12-Qu4
Q12 NJCP1Q2 r——

(i)

(1+i)z+2w=-2+4 ...(1)

3r—w=4+2 ...(2)
Multiply (2) by 2: 6z —2w =8+4i ...(3)
Adding (1) and (3):

(64+1+i)z=—2+4i+8+4i
(7T+1)z=6+8i

L_ 648 7
T+ T T—i
42— 6i+56i +8
N 50
50 + 50i

50
=1+i

From (2):

w=3z—4—-2i
=3(1+1)—4—2i
—1+1

z=141, w=-141

(ii)
w —14+i 1-i
— = — X :
z 1+1 1—1
_—1+i+i+1
12412
2i
= — =1
2

Since w = iz, multiplying by i corresponds to a rotation of 7§ anti-clockwise about the origin.

(© 2026 Math Academy 18 Not for distribution
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Q13 SAJCP1Ql0 « [8 marks]

(a)
|z| +5w =0 (1)
iz—dw=-4+T7 (2)
1
From (1): w = —3|z| (3)
Substitute (3) into (2):
iz + 8|z = —4+7i

Let z = = + yi:
i(z+yi) + 2V/a2+y2 = —4+Ti

(—y—i—%\/l‘Z—i—yQ) +xi=—-447i

Comparing imaginary parts: = = 7.

Comparing real parts:

—y+ 319+ 2 = -4
L4942 =y —4 = 5(y—4) = 449 + ¢?
Squaring (noting y > 4 required):
25(y — 4)? = 16(49 + ¢/?)
25(16 — 8y + y*) = 16(49 + ¢?)
25y% — 200y + 400 = 784 + 164>
9% — 200y — 384 =0 = (y — 24)(9y + 16) = 0

y=24 or y:—%G

16
Note that y = -3 does not satisfy () (since y > 4 required), hence y = 24.

L r=T7424
Substituting into (3):

w=—3\/7+242 = —1/625 = —5
(b) (i)

Im

(© 2026 Math Academy 19 Not for distribution
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(b)(ii) As C and D represent a complex conjugate pair, line segment C'D is vertical, and C, D are
equidistant from the real axis.

Given ZCDA =90 and CD is vertical, line segment DA must be horizontal.
Since A and B are equidistant from the real axis, DA horizontal implies BC' is also horizontal.
Since C' represents v — u, the vector B? represents v.

Since B? is horizontal, v must be real.

V| >
E Re
>
1 U
N
pA a4

(© 2026 Math Academy 20 Not for distribution
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Q14 TICP1Q8 + [10 marks]

(a)
224+ |lw|=2—-41 ---(1)
r—w=2 --(2)

2 —4i— |w|

F; 1):
rom (1): z 5

Substitute into (2):

,(2_41—|w|
1 e ——

5 )—w:2i:>2i—4i2—i|w|—2w:4i:>4+2i—i|w|—2w:4i

Let w = a+bi, a,b € R, so |w| = Va? + b
442 — Va2 + b2 — 2(a+ bi) = 4i

(4—2a)+i(2— Va2 + b2 —2b) = 4

Comparing real parts: 4 —2a=0 = a=2 ---(3)

Comparing imaginary parts: 2 — 4+ b2 —20=4 = —2—-2b=+4+02 ---(4),(5)
(Requires —2 — 2b >0, i.e. b < —1.)

Squaring:

(24202 =442 = 4+8b+4> =4+ — 30> +8b=b(30+8) =0

b=10 (rejected since \/4 + b% # —2 from (5)) or b:_g
—4i—(—(-2— 2 41— _4_y
222 i—(—(-2 2b)): i 1:_z_2i

2 2 2 3
—
(b) Argand diagram with A(2,—1) and C'(—3,2). BA represents 2 — i — z3 and BC represents —3 +
21 — zo.

Since ZABC = g, A is obtained by rotating C' through 90° anticlockwise about B:
i(=3+2i—29)=2—1i—29

“3i-2—izm=2-i—z = (1—1i)z=4+2i
420 140 4+4i+2-2 2460

_ . _ =143
2T 1+ 2 2 o

Since ABCD is a parallelogram, E = ﬁ :

143i—(2—i)=-342—24 = —14+4i=-3+2—24 = z=-2-2

(© 2026 Math Academy 21 Not for distribution
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B(22)
C(=3,2)

0 Re
A(2,-1)

(© 2026 Math Academy 22 Not for distribution
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Section D: Argand diagram, Q15-Q21
modulus-argument & loci

Q15 RVHS P2 Q2 o [5 marks]

(a) The line segment AC' can be obtained by rotating the line segment AB, 90° in a clockwise direction
about A.

2o —za = —i(zB — z4)
zo = z4 —i(zB — 24)
zo = (5+6i) —i[(9+3i) — (5+6i)] = (54 6i) —i[4—3i] =2+ 2i

Im(z)

A(5+61)

(b)
Method 1 — Midpoints of diagonals of parallelogram ABDC

ABDC is a parallelogram, so midpoint of AD = midpoint of BC:
Za+zp _ ZB+ ZC

2 2
(54 6i) + zp = (94 3i) + (2 + 2i)
zp = 11+ 5i — (5 + 6i)

Im(z)

(© 2026 Math Academy 23 Not for distribution
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Q16 NJC P2 Ql

o [7 marks]
(i)
wl =i = V3| = \/(-V3)2 +12 =2
arg(w) = 7 — tan™ ! (\%) =r-I=051
(ii)
Im
w=—V3+i
We_
6 /\\1 Re
o =L
WL -"“n_‘_h
T | SR n; ) e
A 2 B
—w 2—w
|lw] =] —w| =|2—-w|=2,s0 O, A (representing —w) and B (representing 2 —w) all lie on a circle of

radius 2 centred at the origin. Since AB is parallel to the real axis, triangle OAB is isosceles.

(iii)

Since |w| = 2, triangle OAB is isosceles with AB parallel to the real axis, so ZAOB = ZABO = 6.

s
20 = —
6
™
0=—
12
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Q17 VICP2Q4

(a) Since w =1V/3 z, we have |w| =
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[9 marks]

V3 and argw = arg z + g, so OQ L OP at O with |OP| =1 and

|0Q| = V3. Also z — w = z(1 —iv/3) with |1 —iv3| = 2, so |OR| = 2; and Pk — —Oﬁ, so PR 1 OP

at P with |PR| =
V3 from OP.

(b)

(c)

(d)

Hence k£ =

(e)

s~
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Im
A R
Vi
P e /I
NN
,Irl /@\, > Re
XI/
Q
1
Area(ORPQ) = 5(1)(\/?:4- V3) = V3.

T 1
Length x = 1cos— = —
g 1 NG
T 1
Length y = 1sin — = —
gth y 1 2
1 . 1
==+ —1i
V2 V2

()
= (- 1+1)(1 —iV3)
( 1+iv3+i+V3)

(V3=1)+ (V34 1)

z—w:z(l—i\/g):
1

smmx

V3. Hence R and Q lie on opposite sides of line OP, each at perpendicular distance
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Im
I ,,xf‘R(ﬂ(\@—l),ﬁ(\@ +1)j
Bl T2 2
e
x> ali T_,
e
5 e
*0
NI
—tan ' X2 = =
« an 1 5
V2
t (3” ”) 7(ﬁ+ 1
an[ —— = | = “4&%&2+——
4 3 V2
7(\/3 -1)
ta 5T V3+1
n——-——
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Q18 NYJCP1 Q6 [8 marks]
(a) If |p| = |g|, then OPRQ forms a rhombus.
arg(r) = 1(B—a)+a = 3(a+p)
(b)

Im ,—”1
- ’ R

P\' ) «a » Re

ZPOQ =0 -«

(b))

Method 1: arg(q¢’) = —(8 —2a) =2a — 3 (since § > 2«, ¢’ is below the real axis)
Method 2: arg(¢') =a— (8 —a) =2a —f

(b)(ii) |¢'| = |q|- Let F be the foot of perpendicular from @’ to the real axis.

Real part of ¢/ = |¢q| cos(—f + 2a) (adjacent side of AOQ'F)

Imaginary part of ¢ = |¢|sin(—83 + 2«) (opposite side of AOQ'F, and negative)

. ¢ = |q| cos(8 — 2a) — i|g|sin(B — 2a)
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Q19 ASRJC P2 Q6 [10 marks]

pl =/ (V2)2 + (V22 = Vi =2,

N

pl =2, arg(p) =

(b) Argand diagram with P = v/2 4+ /21, |¢| = 2, arg(q) = 27/3, and R = p + ¢:

Im

Q(_17 \/g) ///

(c)

Let F be the foot of perpendicular from @ to the y-axis.

2
Re(q) = —QF = —|q| sing7r =-1

2
Im(q) = OF = |q| cos % =3

(d) Since |p| = |¢| = 2, OPRQ is a parallelogram with equal adjacent sides.
Quadrilateral OPRQ is a rhombus.

(e) Since OPRQ is a rhombus, the diagonal OR bisects ZPOQ. Therefore:

(arg(p) + arg(q))

T 27
(4*3)
1 1n
=5 0y
_117r
=5

arg(p +q) =

N = N
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Also, p+q = (VZ+ VZi) + (-1 +V3i) = (V2 — 1) + (V2 + V3)i.

Therefore:

Uz V243

tan —

24 21"

Rationalise by multiplying numerator and denominator by (v/2 4 1):

o U (V24 V8)(V2+1)

o T (VI n(vVEH )
_2+V24+V6+43

2-1

=V6+v3+v2+2.  (Shown)
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Q20 DHSP1Q8 [11 marks]

(a) With x = Re(z) = 2cost and y = Im(z) = 3sint:

2 2
costzg, sint = 2 — (E) +<E> =1

3 2 3
22 2
Cartesian equation: R + 9= 1 (an ellipse with semi-axes a = 2, b = 3)
A Y
3
>
-2 2 %
-3

(b) Since |z1| = |22|, both points are equidistant from the origin on the ellipse. With z; in the first
quadrant (represented as (a,b), a,b > 0), there are three possible positions for zs:

(1) z2 = (—a,b): then z; + 2o = (0,2b), so arg(z1 + 22) = g

(2) z2 = (—a,—b): then z; + 22 = 0, so arg(z; + z2) is undefined
(3) z2 = (a,—b): then z; + 22 = (2a,0), so arg(z; + 22) =0
Ay
3
(]):_7 :]

(2) z,

arg(z1 + z2) is either undefined, 0, or g
(c)

From the diagram, if z3 is at position (1), a will not be real.
(z—21)(z—22) =0 = 22 — 2(21 + 22) + 2129

Compare with 22 + az + 5 =0,

coefficient of the z term is @ = —(z1 + 22).

If 21 = a+1ib, then z9 = —a +ib

a = —(z1 + 22) = —i2b

Hence, o need not be real.
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It is not necessary for a to be real, since z; and z9 need not be complex conjugates.
V26
(d) Given |z1| = 5 and z; = (a,b) on the ellipse:

26 13 a? b2

2 2

b:—:— —_— —:1
@+ L 2 179

Solving these simultaneously: From the second equation 9a? + 4b* = 36. Combined with a? + b = %
(multiply by 4: 4a? + 4b* = 26):

502 =10 = a=+?2, b=""=

(Taking a,b > 0 since z; is in the first quadrant.)

With « not real, take zo = (—a,b) = (-\/57 ¥>
o= (a1 +2) = - (0+3V2i) = ~3V2i

§=mz = (V24 o) (VR4 3) =201+ ) (<14 §) =2(-1- §) = -
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[12 marks]

(a)(i) Since w = u + iv with w > 0 and v > 0, we have kw = ku + ikv with ku > 0 and kv > 0.

Therefore:

arg(w) = tan~ %,

(a)(ii) Argand diagram showing P, @ and R:

kv v
! arg(kw) = tan™! *— = tan~! — = arg(w).
u
R x e A
\\\ ’,XQ
\3«\ KPR
S ,)(\’
R
0 Re

Since kw is w scaled by k > 1, @ lies on the ray from O through P, further from O than P (i.e.
OQ > OP). Since R represents ikw, R is @ rotated 90 anticlockwise about the origin, so OR = OQ

and OR L 0Q.

(b) (i)

(22 —22)2 —2(2% — 22) —

(22 — 22) [(22 —2z) —2—1]
(22 — 22)(2% — 22 — 3)
z2(z—=2)(z —3)(z + 1).

(22 — 22)

(b)(ii) The triangle ABC has a right angle at B with BC' = mBA and is described anticlockwise.

—
Rotating B? anticlockwise by g about B gives mBA:
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A 1)
N
(&
5
i[f(£(=)) — £(z)] = m(z — £(z))
ft(z) —f(z) _m _ _m
f(z) — 2 i i
2(2—2)(z =3)(=+1) mi
z(z —3)
(z—2)(z+1)
32
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(b)(iii) With z =z +2i (z > 0):

(z—=2)(z+1)=mi

22—z —2=mi

(z +2i)% — (z+2i) —2=mi
2 —44dzi—x—2i—2=mi

(2% — 2z —6) +i(4x —2) = mi

Comparing real and imaginary parts:

-z —-6=0 ---(1), dr —2=m

From (1): (z —=3)(z+2)=0=2x=3or —2. Since z >0, z = 3.
From (2): m =4(3) —2 = 10.

- 2)
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B represents f(z) = 22 —22=(3+20)2 - 2(3+2) =9+ 121 —4—-6—4i = -1 + 8i.
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